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Abstract
A one-parameter deformation of Einstein-Hilbert gravity with an inverse Riemann curvature
term is derived as the classical limit of quantum gravity compatible with an accelerating universe.
This result is based on the investigation of semi-classical theories with sectional curvature bounds
which are shown not to admit static spherically symmetric black holes if otherwise of phenomeno-
logical interest. We discuss the impact on the canonical quantization of gravity, and observe that
worldsheet string theory is not affected.
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Einstein-Hilbert gravity is by birth a classical theory. Without additional provisions, it
fails both at very short and very large distances. At short range, the generic occurrence of
singularities [1] predicts the breakdown of spacetime itself. At long range, recent observations
[2, 3] indicate that the universe currently undergoes accelerating expansion, requiring the
addition of a vacuum ‘dark’ energy which is most straightforwardly modelled by a positive
cosmological constant (or by scalar fields violating the strong energy condition, e.g. [4]). If
both the solution to the cosmological constant problem [5, 6] and a resolution of spacetime
singularities are to arise from a future quantum theory of gravity, the latter must generate
corrections to Einstein-Hilbert gravity that modify both its long and short range behaviour.
In this Letter, we systematically investigate gravity theories whose solutions respect lower
and upper sectional curvature bounds. Two-sided bounds can be motivated from quantum
gravity heuristics, and allow to draw farther-reaching conclusions than in the case of upper
bounds only, which the authors studied in [7]. In particular, we prove that static spherically
symmetric solutions admitting a Kepler regime do neither admit a black hole singularity nor
a horizon, thus featuring a short range behaviour radically different from Einstein-Hilbert
gravity. Our approach deliberately makes only weak assumptions about the exact character
of an underlying quantum spacetime structure, resulting in an ambiguity reflected in the
fact that there are as many theories with two-sided curvature bounds as there are holo-
morphic functions on an annulus. Taking the classical limit by removal of both curvature
bounds leads to a surprise: the resulting dynamics are unique and given by a one-parameter
deformation of Einstein-Hilbert gravity with an inverse Riemann curvature term that van-
ishes only for a non-accelerating universe. This entirely unexpected dequantization result
has significant implications for the quantization of gravity. The deformed action contains
additional degrees of freedom compared to standard general relativity, and these should be
included in a canonical quantization. The case of spacetime dimension two, however, is
special in that the deformation vanishes there identically. In particular, our findings leave
the worldsheet action in string theory unaltered.
Before developing the above results in detail, we present heuristic arguments for the
emergence of sectional curvature bounds from some form of quantum spacetime. First recall
that while any two inertial observers on flat spacetime will agree on the vacuum state of
a quantum field, this no longer holds on a curved background [8]. Two nearby inertial,
i.e., freely falling, observers generically set up different normal coordinates. Hence, even if
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one observer detects a quantum vacuum with respect to his coordinate system, the second
observer will detect quantum excitations due to a non-trivial Bogoliubov transformation
between the two coordinate systems. The excited state will be thermal in good approxima-
tion, if the relative acceleration is high compared to the inverse proper time during which
the second observer operates his particle detector. This follows from the Unruh temperature
for detectors with finite lifetime [9], which asymptotically equals the Unruh temperature [10]
in the above-mentioned limit. The extension of the Unruh effect to detectors with finite life-
time is remarkable, because it implies that the Unruh effect holds quasi-locally, and thus for
tidal accelerations by the strong principle of equivalence. (While it is difficult to make this
precise for generic spacetimes, de Sitter space may be considered an instructive example.
For an adiabatic vacuum of the quantum field, a comoving detector will measure a Gibbons-
Hawking temperature proportional to the square root of the curvature [11].) The second step
in linking sectional curvature bounds to quantum gravity consists in Sakharov’s observation
that a minimal fundamental length scale implies an upper bound of the order
√
c5~/Gk2B on
the temperature of any thermal radiation [12]. Sakharov’s heuristic considerations employ
the equation of state of thermal radiation at the extreme density of one quantum per Planck
volume. Combining Sakharov’s maximum temperature with the Unruh effect therefore sug-
gests an upper bound of the order of the Planck scale on tidal accelerations, and thus on
the sectional curvature.
Dual to the corresponding small length scale λ is a large one which we denote by Λ.
The required dimensionless hierarchy is generated by the discretization of a d-dimensional
spacetime region of volume V (in the spirit of Sakharov’s construction) into N = V/λd
points. We will see later that sectional curvature bounded gravity possesses a solution of
discretization-independent constant curvature k = (λΛ)−1 precisely when Λ = N2/dλ. It is
interesting to note that k then also coincides with the prediction [13] of the cosmological
constant in four dimensions from the causal set approach [14] to quantum gravity.
We would like to emphasize that the above reasoning must remain a heuristic one in
the absence of a complete quantum theory of gravity. The line of argument, however,
presents one more example for the intimate relationship between the concepts of length and
acceleration scales. Maximal covariant, rather than tidal, acceleration for particle motion
has been discussed in different contexts by several authors [15, 16, 17, 18, 19]. A minimal
acceleration principle in gravity is the basis for modified Newtonian dynamics [20].
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We now turn to a detailed derivation of the results stated in the introduction. The
geometrical object central to our investigation is the sectional curvature of a metric manifold,
S(X, Y ) =
R(X, Y,X, Y )
G(X, Y,X, Y )
, (1)
where R denotes the Riemann-Christoffel tensor and G(X, Y, Z,W ) = g(X,Z)g(Y,W ) −
g(X,W )g(Y, Z), so that the denominator appearing above is the squared area of the paral-
lelogram spanned by the vectors X and Y . Physically, the sectional curvature corresponds
to the frequency of the oscillation of a geodesic around a nearby geodesic with tangent X ,
connected to the first by a vector field Y satisfying [X, Y ] = 0. It is easily checked that the
sectional curvatures at a point only depend on the plane spanned by X and Y , rather than
on these two vectors individually. The sectional curvatures therefore provide a normalized
measure for the tidal accelerations. Knowledge of the sectional curvatures for all possible
planes determines the curvature tensor of a Riemannian or semi-Riemannian manifold. The
physically relevant case of Lorentzian manifolds, however, imposes some restrictions to which
we must attend carefully. In this case, sectional curvatures are only defined with respect to
non-null planes, i.e., those planes spanned by vectors X and Y such that G(X, Y,X, Y ) 6= 0.
We will assume that the differentiable manifold in question has d dimensions and Lorentzian
signature (−,+, . . . ,+).
Motivated by the heuristic result arrived at in the introduction, namely that sectional
curvatures are bounded by a quantum mechanism, we now aim at rigorously imposing a
restriction of the form
Λ−2 ≤ |S(E)| ≤ λ−2 (2)
in a covariant way, where E denotes the set of non-null planes and λ < Λ are two length
scales. As discussed in [7], this program faces an immediate problem: for space-time dimen-
sion d > 2, there exist rigidity theorems [21] stating that the only Lorentzian manifolds with
everywhere bounded sectional curvatures are those of constant curvature. As this is clearly
too restrictive for a viable gravity theory, we must find a covariant restriction of the set E
of all non-null planes to a subset E ′, and impose (2) only on that subset. The only alter-
native to such a restriction, studied by Andersson and Howard [22], unfortunately does not
allow to bound the absolute value of the sectional curvature. The impossibility of bounding
all tidal accelerations of a Lorentzian manifold has an analogue in electrodynamics. The
invariants of the electromagnetic field strength are given by E ·B and E2−B2. Clearly, one
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cannot impose a covariant bound on both the electric and magnetic fields, due to the minus
sign in the second invariant, which is a consequence of the Lorentzian spacetime signature.
However, the example of Born-Infeld electrodynamics [23] shows that despite the failure to
bound the complete field strength, one may still be able to devise dynamics with regularized
solutions. This is also true in the case of curvature bounds in gravity, as we will see.
The maximal subset of planes, on which one can impose sectional curvature bounds on
Lorentzian manifolds without running into the domain of the rigidity theorems, is given by
the construction of [7], which we will outline in the following. Due to the symmetries of the
Riemann tensor (arising from a metric-compatible connection), Rabcd defines a linear map
on the d(d − 1)/2-dimensional space ∧2 of antisymmetric two-tensors. Moreover, Rabcd is
symmetric with respect to the induced metric on that space, which is given by the tensor
G introduced in (1). It is easily verified that G shares all the symmetries of the Riemann
tensor. Over a Riemannian manifold, G is a positive definite bilinear form on
∧2; hence
R can be diagonalized with real eigenvalues. For Lorentzian manifolds, the metric G has
the indefinite signature (d − 1, (d − 1)(d − 2)/2). In this case, orthogonal diagonalizability
with real eigenvalues is guaranteed if R is a Pesonen operator [24], i.e., if G(R(Ω),Ω) 6= 0
for all Ω with G(Ω,Ω) = 0. Whether fully diagonalizable or not, the eigenvectors of the
Riemann endomorphism are of particular importance for the construction of a restricted
set E ′ of planes on which we will impose the curvature bounds (2). We only discuss the
non-trivial Lorentzian case. Let ΩI ∈
∧2 be the maximally d−1 Riemann eigenvectors with
G(ΩI ,ΩI) < 0, and ΩI¯ ∈
∧2 the maximally (d−1)(d−2)/2 eigenvectors with G(ΩI¯ ,ΩI¯) > 0.
Note that neither of the ΩI ,ΩI¯ themselves necessarily describe planes; only antisymmetric
two-tensors that can be written as an anti-symmetrized product of two vectors correspond to
planes. Such antisymmetric two-tensors are called simple, and present a polynomial subset
of
∧2. We can now characterize the restricted set of planes E ′ as the simple elements lying
in either the linear span of the ΩI or the linear span of the ΩI¯ . That E
′ is the maximal set
of planes to which one can restrict the sectional curvature map in an algebraically sensible
way, is explained in detail in [7]. Evidently, the higher the degree to which the Riemann
tensor is diagonalizable, the larger the set E ′.
We are now prepared to state, in precise terms, a simple criterion for a manifold to feature
sectional curvature bounds on the restricted set E ′. The bounds (2) with E restricted to E ′
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are equivalent to the bounds
Λ−2 ≤ |eR| ≤ λ−2 (3)
on all eigenvalues eR of the Riemann tensor, regarded as an endomorphism R
[ab]
[cd] on the
space
∧2 of antisymmetric two-tensors. The inspection of maximally d(d− 1)/2 eigenvalues
is a very convenient criterion, as it circumvents the explicit construction of the set E ′ and
any non-tensorial relation of the form (2). Condition (3), in contrast, is manifestly covariant,
as the characteristic polynomial for the Riemann tensor certainly is. We remark that over a
Riemannian manifold, rather than a Lorentzian one, the restricted set of planes E ′ coincides
with the set of all planes E, as G is positive definite in this case. We finally owe the
reader proof that the sectional curvature bounds on the restricted set of planes E ′ do indeed
circumvent the rigidity theorems mentioned before. It is sufficient to give an example: the
four-dimensional spacetime
ds2 = −(1 + r2/Λ2)2dt2 + dr
2
1 + r2/Λ2
+ r2dΩ2 , (4)
where dΩ2 is the line element on the unit two-sphere, satisfies both upper and lower curvature
bounds with Λ−2 ≤ |eR| ≤ (Λ/2)−2, while its curvature is non-constant.
As an instructive application of the above criterion we discuss static spherically symmet-
ric spacetimes with sectional curvature bounds in four dimensions. Consider a spacetime
ansatz of the form ds2 = −A(r)dt2 +B(r)dr2 + r2dΩ2, where A and B are smooth on their
respective domains. We assume non-degeneracy of the given metric, which implies AB > 0,
as degeneracy corresponds to a breakdown of the Lorentzian signature. The Riemann ten-
sor R[ab][cd] is already diagonal in the basis {[tr], [tθ], [tφ], [rθ], [rφ], [θφ]} which the standard
Schwarzschild coordinates {t, r, θ, φ} induce on the space ∧2, so that the eigenvalues are
easily obtained. The evaluation of the eigenvalue bounds results in conditions on the func-
tions A and B and narrows the spectrum of admissible spacetimes of the above form to
essentially two types. In type I we have 0 < B(r) ≤ 1 for all r. Then A is positive; one
can also show that A is strictly monotonous and cannot possess poles. For A′ > 0 we
hence obtain a phenomenologically viable class of solutions, which notably possess neither
horizons nor curvature singularities. Type II cannot accommodate, without naked singu-
larities, any spacetime yielding an attractive gravitational field in some intermediate region
between λ < r < Λ, as required phenomenologically. This can be seen from the curvature
bounds that imply A is strictly monotonous and exclude certain ranges of values. Attractive
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gravity in the intermediate region is only possible if |A| → ∞ somewhere in this region.
But then the metric density and hence the spacetime feature a singularity. We conclude
that any phenomenologically tenable gravity theory with sectional curvature bounds does
not contain static spherically symmetric spacetimes with singularities shielded by a horizon,
i.e., static spherically symmetric black holes. The regularization of the Schwarzschild sin-
gularity at this semi-classical level is in accordance with recent work on the quantization of
the Schwarzschild solution [25], and general results on properties of singularity-free static
spherically symmetric spacetimes [26].
We now turn from purely kinematical considerations to the construction of gravitational
dynamics whose solutions obey lower and upper sectional curvature bounds. Most strin-
gently, the desired inequalities may be enforced by equations of motion containing a power
series converging precisely on the domain (3) allowed by the curvature bounds [27]. (There
might be other possibilities; for example, one might choose equations of motion which be-
come singular at the boundaries of the allowed domain. Although solutions in this case
might not be able to cross the singularities, they would fall into two classes, one obeying
the desired bounds, the other one obeying the logical opposite.) We choose to generate the
power series in the equations of motion from an action as follows. Let λ < Λ, and consider a
holomorphic function f with branch cuts along the real intervals (−∞,−λ−2), (−Λ−2,Λ−2),
and (λ−2,∞). Then f(z) has a Laurent series expansion that converges absolutely on the
annulus Λ−2 < |z| < λ−2 and possibly points of its boundary, but nowhere else. As we want
to devise non-strict bounds, it is advantageous to express f in terms of the dimensionless
coefficients a−n and an of two Taylor series
∑∞
n=1 a−nx
n and
∑∞
n=1 anx
n which are both
absolutely convergent for |x| ≤ 1. Then we consider functions f with Laurent series
f(z) =
∞∑
n=0
(
a−nΛ
−2n−2z−n + anλ
2n−2zn
)
, (5)
which by construction converge absolutely on Λ−2 ≤ |z| ≤ λ−2. We now stipulate the action
S =
∫
M
√−gTr f(R) , (6)
where R is the Riemann tensor regarded as a linear map on the space of antisymmetric
two-tensors, and the trace is defined as Tr f(R) = f(R)[ab][ab]/2. Diffeomorphism invariance
implies the Noether constraint∇i(δS/δgij) = 0, and hence matter can be coupled in standard
fashion, simply by adding an appropriate matter action SM to S.
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The above action contains inverse powers of the Riemann tensor, which means it assumes
that the Riemann tensor as a map on
∧2 TM is invertible. We will see below that this
assumption translates into a condition on the space of solutions to the equations of motion.
It follows that this space can only contain spacetimes whose Riemann tensor is invertible.
Thus specific classes of spacetimes M can never solve, e.g., unwarped topological products
M = Mp × Mq of p, q-dimensional spaces, for which the Riemann tensor has at least pq
vanishing eigenvalues. Regarding the method of variation, by which to obtain equations
of motion from the action (6), consider the following point. The definition of sectional
curvature depends on the connection being metric compatible; otherwise the Riemann tensor
cannot be fully reconstructed, nor is the sectional curvature well-defined on the space of 2-
planes. Hence a Palatini procedure, where the metric g and an affine connection Γ are varied
independently, seems unnatural in the context of our construction. The equations of motion
are therefore derived from the total action by variation with respect to the spacetime metric
g. This is only feasible if the expansion of f can be re-ordered, hence the restriction to
absolute convergence, and hence holomorphicity. The gravitational field equations read
1
2
f ′(R)cd(ibR
j)b
cd − gij Tr f(R)−∇b∇cf ′(R)c(ij)b = T ij , (7)
where T ij is the energy momentum tensor of SM , and the sign convention R
a
bcd = ∂cΓ
a
bd +
ΓaecΓ
e
bd − (c ↔ d) has been used. As explained above, the appearance of Tr f(R) in the
equations of motion and the convergence properties of the function f guarantee that any
solution satisfies sectional curvature bounds. Also, any such solution will have an invertible
Riemann tensor.
Removal of the lower and upper curvature bounds corresponds to taking the classical
limit. Without further restrictions, however, there is no unique way how to take the two
limits λ → 0 and Λ → ∞ with respect to each other. A physically motivated prescription
for taking these limits in a controlled fashion lies in the choice of vacuum solutions of the
desired classical theory, as we will now show. For finite Λ, the curvature bounds (3) exclude
Minkowski space. But for a number of purposes, such as stability checks, perturbative
solutions or cosmological phenomenology, it is advantageous to have some space of constant
curvature ±k as an exact vacuum solution. The adoption of a non-flat vacuum is indeed
a natural choice given the recent observational evidence for an accelerating universe. Note
that the introduction of a vacuum curvature k does not introduce a third independent length
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scale; in fact, the curvature k is defined by a length scale Λ relative to an a priori arbitrary
power of the scale λ, according to k = λ2αΛ−2α−2. The value of α is actually fixed by the
requirement that the equations of motion (7) are then indeed solved for the (anti-)de Sitter
spaces RAB = ±kδAB in vacuo, which translates into the condition
∞∑
n=0
(
a−n
2n+ d
Λ2n+2
(±k)−n − an 2n− d
λ2−2n
(±k)n
)
= 0 . (8)
There are of course many ways to define coefficients an in order to satisfy this condition.
However, for the exact solutions with curvature±k to be of use in perturbation theory (which
was one of the motivations for the present construction), we demand that (8) vanishes order
by order. This uniquely determines the a−n in terms of the an, using our expression for k,
a−n =
2n− d
2n+ d
(
λ
Λ
)2n(1+2α)−2
an , n > 0 , (9)
and a0 = 0. Before accepting this definition, we must check whether
∑
n>0 a−nx
n converges
absolutely on |x| ≤ 1 (otherwise, we would not enforce sectional curvature bounds) if and
only if
∑
n>0 anx
n does (which is guaranteed by the choice of the an). This is the case if and
only if the sequence a−n/an converges to a non-vanishing constant as n→∞. From (9) it is
obvious that this is the case only for α = −1/2, determining k = (λΛ)−1. The curvature scale
k of the exact de Sitter and anti-de Sitter solutions hence emerges as the geometric mean
of the upper and lower curvature bounds, so that perturbation theory around these exact
solutions is a sensible undertaking. We may think of the scale λ as inducing a discretization
N = V/λd of a given spacetime volume V into N points. Then, in the classical limit, the
gravitational dynamics should be discretization-independent. In particular, k should not
depend on N , which requirement determines a hierarchy Λ = N2/dλ, and k = V −2/d. This
argument shows that the classical limit N → ∞ takes λ → 0 and Λ → ∞ while keeping
the volume V of the classical spacetime region, and thus k, constant. This singles out the
unique classical action
Sclass. =
∫
M
√−g a1Tr
(
R− d− 2
d+ 2
k2R−1
)
(10)
from the vast class (6). For k = 0 we reassuringly obtain Einstein-Hilbert gravity. Remark-
ably, the same holds for d = 2, so that the string worldsheet action is not affected.
For non-vanishing vacuum curvature k in d > 2 the classical limit is distinctly differ-
ent from theories whose Lagrangian is a function f of the Ricci scalar because generically
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Tr (R−1) cannot be expressed as such a function. The latter type of theories have attracted
a lot of attention recently, as phenomenological models explaining the present cosmic accel-
eration [28, 29]. The origin of inverse curvature corrections in particular has been argued to
arise from time-dependent M-theory compactifications [30]. Theories depending only on the
Ricci scalar allow for a reformulation as scalar-tensor theories, where the effects of curvature
corrections are absorbed into matter fields [31]. Exactly this reducibility, however, lies at
the heart of proofs demonstrating the inconsistency of scalar 1/R gravity theory with ob-
servations in the solar system [32] or particle physics [33]. (Further potentially problematic
aspects of these theories are discussed in [34].) These arguments do not extend to the classi-
cal theory (10), where the additional dynamical degrees of freedom cannot be made explicit
by any transformation of the metric, due to the disparate dimensionality of the space of
metrics and the space of Riemann tensors. For a static spherically symmetric ansatz, the
geometrical origin of the theory as a limit of curvature bounded theories further turns out
to determine six out of seven boundary conditions required to solve the higher-derivative
equations of motion, leaving only the mass as a free integration constant. These observations
alone indicate that the theory (10) does not suffer from persistent problems of other, more
ad hoc, modifications of Einstein-Hilbert gravity.
In summary, by removing quantum gravity motivated curvature bounds in a controlled
way, we have derived a novel classical gravity theory that is not immediately invalidated by
standard inconsistency arguments, and which sheds a new light on the debate of whether
pure gravity can be quantized: the generic appearance of additional degrees of freedom, in
more than two spacetime dimensions, indicates that a canonical quantization of Einstein-
Hilbert gravity apparently misses out on some degrees of freedom, while worldsheet string
theory is unaffected.
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